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Consider the neutral delay differential equation 
$x(r)-P(f)x(f-r)]+Q(t)x(r-0)-O, tat,, (1) 
where P, Q E C[ [ I~, co), (w + ] and T, D E Iw +. We obtain sutlicient conditions for all 
solutions of Eq. (1) to oscillate. Our conditions are “sharp” in the sense than when 
the coefficients P and Q are constants the conditions are also necessary. We also 
obtain sufficient conditions for Eq. (1) to have a nonoscillatory solution when P(r) 
is a constant in the interval [ - 1, 1). q’ 1987 Academic PXSS, hc. 
1. INTRODUCTION 
A neutral delay differential equation (NDDE) is a differential equation 
in which the highest order derivative of the unknown function appears in 
the equation both with and without delays. 
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In this paper we obtain suflicient conditions for all solutions of the 
NDDE 
$x(f)-P(f)x(r-r)]+Q(t)x(t-o)=O (1) 
to oscillate. Our conditions are “sharp” in the sense that when the 
coefftcients P and Q are constants, the conditions become both necessary 
and sufficient. We also obtain sufticient conditions for Eq. (1) to have a 
nonoscillatory solution when P(t) is a constant in the interval [ - 1, 11. 
A solution of Eq. (1) is called oscillatory if it has arbitrary large zeros 
and nonoscilfutory if it is eventually positive or eventually negative. 
Eq. ( 1) is called oscillatory at t, if for every tI b to and every cp E 
C[ [t, -m, t,], rW], where m = max(r, a>, the solution of Eq. (1) with initial 
function cp at t, is oscillatory. Otherwise, Eq. (1) is called nonoscillatory 
at t,. 
Recently, there has been a lot of activity concerning the oscillatory 
behavior of NDDEs. See, for example [ 14, 6, 7, 93. The important feature 
in this paper is the “sharpness” of our conditions. Also, this is the first 
paper that establishes the existence of a nonoscillatory solution of Eq. (I ). 
2. SUFFICIENT CONDITIONS FOR OSCILLATION 
Throughout this section we will assume that the coefficients P and Q and 
the delays r and c of the NDDE (1) satisfy the conditions 
f’, QECCCG,, a), R+l and T,gE[W+ (2) 
O<P(t)< 1, t3t,, (3) 
and 
O<K<Q(t,, t 2 t, (4) 
for some constant K. 
The following result which we need was established in [3]. 
LEMMA 1. Consider the NDDE ( 1) and assume the conditions (2), (3), 
and (4) hold. Let y(t) be an eventually positive solution qf Eq. (1). Set 
z(t)=y(t)-P(t)y(t--r). (5) 
Then, eventually, 
z(t) > 0 and i(t) < 0. (6) 
NEUTRALEQUATIONS 375 
Next, we will introduce some notation. Let 
m=max{z,a}. 
Then, for any t, 2 t, and for any function 
we set 
( P(f-g)Q(t-T) 
-a@-z)exp(j’ l(,,ds) t-* 
Clearly, if 0 <A,(t) < A,(t) for t 2 t, then 
OG tTA,)(t)G (W(t) for tat,. 
Let A,(t) = 0 for t 2 t, and define the sequence 
h+ I(t) = (T&)(t), k = 0, 1, 2 ,..., (8) 
for t 3 t,. Then, it follows by induction that 
O=&(f)<~,(f)<&(f)< ... for tat,. (9) 
For non-neutral equations, that is, when P(t) z 0, the following result 
was proved by Yan [lo]. 
LEMMA 2. Let t, > t, and assume that Conditions (2), (3), and (4) are 
satisfied. Then the sequence 
~U~)LJ (10) 
converges pointwise to a finite limit for each t > t, if and only if the integral 
equation 
A(t) = fYf - 0) e(t _ z) =I(+r)exp(j:drl(s)d~) 
has a positive continuous solution ;i E C[ [ t, , 00 ), R + 1. 
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Proof: Assume the sequence (10) converges pointwise to a finite limit 
A(t) for each t 2 t , . Then clearly, 
n,(t) d 4th k = 0, 1, 2 ,..., 
and by the monotone convergence theorem 
for all a, bE [rl, co). Hence, from (8) and (7) we see that (11) holds and 
also 
W)=W,), r,<rdr,+m. (12) 
By substituting (12) into (11) and proceeding step-by-step, in steps of size 
m, we see that A(r) is a positive continuous solution of (11). Conversely, 
assume that the integral equation (11) has a positive continuous solution 
l(r). Note that 
&(r)=O<A.(r) 
and by induction 
&(r)<&(r)<&(r)< ... <l(r). 
Hence, the sequence (10) converges to a finite limit X(r) for r b r, [and x(r) 
is a positive continuous solution of (1 1 )]. The proof is complete. 
The following lemma is very important in this section. It shows that the 
integral equation (11) has a continuous positive solution provided that 
Eq. (1) is nonoscillatory. 
LEMMA 3. Assume that Conditions (2), (3), and (4) are satisfied and that 
Eq. (1) has a nonoscillatory solution. Then, there is a r 1 3 r, such that 
Eq. (11) has a positive continuous solution A E C[ [rl, oo), R’ 1. 
Proof. By Lemma 1 there exists a rl >, r, such that (6) holds for r 3 r, . 
Now we claim that the positive continuous function 
(13) 
is a solution of Eq. ( 11). Indeed, substituting ( 13) into ( 11) and simplifying 
we obtain 
Q(r) 
L-(t)-pP(r-4,,r-T) -i(r-z)+Q(r)z(r-c)=O, rar,+m. (14) 
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To see that (14) is a true identity, observe that 
i(t)= -Q(r) y(t-a) 
and so 
i(t + a) 
Y(f) = - Q(t + a)’ 
Substituting (15) into (5) yields (14) and completes the proof of this 
lemma. 
As a consequence of Lemmas 2 and 3 it follows that Eq. (1) is oscillatory 
provided that there is a t, 2 t, such that the sequence (8) has an infinite 
limit for some t > t,. Using this idea we provide an alternate proof of the 
following result of Sficas and Stavroulakis [9]). 
THEOREM 1. Consider the NDDE with constant coefficients 
(16) 
where Obp< 1, q>O and t, gold+. Then, Eq. ( 16) oscillates if and only if 
its characteristic equation 
has no real root. 
(17) 
ProojI Clearly, if every solution of Eq. (16) oscillates, Eq. (17) cannot 
have a real root. Conversely, assume that Eq. (17) has no real root. We will 
prove that Eq. (16) oscillates. Otherwise, Eq. (16) has a nonoscillatory 
solution. Then by Lemma 3, Eq. (11) has a continuous positive solution 
and so by Lemma 2 the sequence (10) converges to a finite limit. But in this 
case the sequence (10) reduces to a sequence 
of constants. Let X be the limit of the sequence (10’). Then, from (11) we 
see that 
X = pXeX’ + qeX0, 
which shows that -X is a root of (17). This is a contradiction and the 
proof is complete. 
In [5], Hunt and Yorke made a conjecture concerning the oscillatory 
behavior of a certain delay differential equation. This conjecture was 
505/68/3-6 
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recently proved by Yan [lo]. The next theorem is an extension of this 
result to neutral equations. 
THEOREM 2. Consider the NDDE ( 1) and assume conditions (2) and (3) 
are satisfied. Suppose also that there exist positive constants K, and Kz such 
that 
O<K, <Q(t)<K,, t3to. (4’) 
Finally, let T3 t, + m and assume that 
inf P(t - 0) Q(t) 
Q(t-z) 
e”’ + i Q(t) e”” 
1 
> 1. 
p>O,r> T 
Then every solution qf Eq. (1) oscillates. 
Proof. Set p. = 0 and for k = 0, 1, 2,... set 
Q(t) P(t-0) Qct -T)~keph’+Q(t, eitkrr . 
1 
Then, it follows by induction that 
&(t) b pk, k=O, 1,2 ,.... 
Next, we claim that 
o</‘, <PL,< “’ </ik< “‘. 
Indeed, in view of (4’) 
p, = ,i$ [Q(t)] 3 K, > 0. 
Now assume that 0 < pk. Then 
l< inf Q(t) 1 
,I > 0, Iz 7 P(t-c)Q(t-t)e’“+~Q(t)ei’v 1 
1 
,ake”k’ + Q(t) epka 1 
(18) 
(19) 
(20) 
(21) 
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which shows that pk < pLk + 1 and completes the proof of (21). In view of 
Lemmas 2 and 3, to complete the proof that Eq. (1) oscillates, it suftices to 
show that 
lim pk= ~0. (22) k-m 
To this end, assume that (22) is false. Then 
p*=!+mip,E(O, cc). 
Now. we claim that 
Indeed, set 
cp,(r)=P(r-a)= ect _ T) wfik’ + Q(t) epko 
and 
Note that 
lim (~dt) = cp(t) k-m 
uniformly on [T, cc ). Let E > 0. Then for each k 2 0 there exists tk B T such 
that 
and there exists K > 0 such that if k >, K then 
380 GROVE, KULENOVIb, AND LADAS 
Thus (I <p* + E and so 
inf cp(t)<~*+e, 
l>T 
which, in view of the fact that E is arbitrary, proves our claim. Hence, 
1 a,p; 
Q(t) 
P(f-Q)Q(t-T) pep*’ +-$ Q(r) e”‘” 1 
inf 
1 3 > 1 y>O,/>T P(t-a)Q(t_~)ePT+~Q(t,e~u Q(t) 1 
and this contradiction completes the proof of the theorem. 
3. EXISTENCE OF NONOSCILLATORY SOLUTIONS 
The following theorem is an extension to neutral equations of a result 
due to Ladas et al. [8] about delay equations. Its proof makes use of 
Theorem 1 and Schauder’s fixed point theorem. 
THEOREM 3. Consider the NDDE 
~ly(t)+py(t-r)l+Q(t)y(r--o)=O, t> to, (23) 
where -16p<l, T and G are nonnegative real numbers, Q E 
C’ [ [to, CO), W], and there exist constants q > 0 and r 2 0 such that 
IQ(t)1 Q q and IQ’(t)1 Q r (24) 
for t 3 to. Assume that the “majorant” equation 
; [x(t)- IpI x(t-z)] +qx(t-a)=O, t 2 to (25) 
has a nonoscillatory solution. Then, Eq. (23) also has a nonoscillatory 
solution. 
Proof By Theorem 1 the characteristic equation 
A- IpI le-“‘+qep”“=O t-26) 
of Eq. (25) has a real root X. As Ip( < 1, IT < 0 and so 
1x1 = 1 pi 111 el’l’ + qel’“. (27) 
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In particular, 
(28) 
Looking for a nonoscillatory solution of Eq. (23) of the form 
y(t) =exp 
( 
j’ A(S) ds , 
) 
t>t,--m 
I, --m 
we see that this is possible if and only if A(t) satisfies the integral equations 
Consider the Banach space X of continuously differentiable and bounded 
functions with bounded derivative defined on IX’ and endowed with the C’ 
norm 
llxllc~ =sup Ix(t)1 + sup Ix’(t)l. 
trzlW rsLi-a 
Let 
p = [2X2 + R’“‘~][ 1 - IpI elLlr] -‘, 
which in view of (28) is positive, and denote by A 
A = {kX: IA(t)1 d 1x1 and Il.‘(t)l <p for TV R}, 
a subset of X. Clearly, A is a closed and convex subset of X. 
Clearly, there exists t, > to such that Q restricted to [tr , co) can be 
extended to a continuously differentiable function satisfying (24) for all 
t E R. We do this, and for economy in notation, the extended function will 
still be denoted by Q. 
Define the mapping T on A as 
(Tn)(t)= -pi(t-i)exp( -f’ I-T 
A^(s)ds)-Q(t)exp( -j:-OA(s)A). (29) 
It s&ices to show that T has a fixed point. 
From (29) and (27) and for any AEA we see that 
I( TA)(t)l < IpI 1x1 e”” + qelLlo = 1x1 (30) 
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and 
f [(TA)(t)] 6 IpI pe”” + 2lpl X’e’““+ d”‘+ 2111 qe’“‘” 
= p - 2;z2 + 2lp( ~2e’~‘r + 2121 q@ 
= p + 2X( -X + IpI Xe’“” + qe’“‘“) 
= p. (31) 
In view of (30) and (31). T maps A into A and in view of (31) T/i is 
relatively compact. Clearly, T: A + A is continuous and so by Schauder’s 
fixed point theorem T has a fixed point in A. The proof is complete. 
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